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Abstract—An adaptive linear MMSE receiver for
CDMA systems is introduced; subsequently, the conjec-
ture about the avoidance of oversampling is addressed.
Simulation results highlight a trade-off between perfor-
mance degradation during application of conventional
chip-duration-spaced sampling with selected signature
sequences and an increased cost of complexity for over-
sampling implementation. In addition, the suggestion on
the signature sequence design for CDMA systems using
the chip-duration-spaced sampling with the adaptive lin-
ear MMSE receiver is also given.

Index Terms—Adaptive filters, Code division multi-
access, FIR digital filters, Multiuser channels.

I. INTRODUCTION

Code-division multiple-access (CDMA) is a multiplex-
ing technique in which several independent users access a
common communications channel by modulating their
information input with their unique signature sequences. A
lot of receiver structures have been investigated [1]. One
receiver structure “adaptive linear MMSE receiver” pro-
posed in [3] has been shown to have several advantages over
the conventional matched filter based receiver[4]. Its struc-
ture is attractive because it can be implemented in a decen-
tralized fashion. Also, it can eliminate multiple access
interference as the centralized multiuser detectors while dis-
regarding information on timing, signature, carrier phase
and initial synchronization are needed as the conventional
receiver.

However, the implementation of the adaptive linear
MMSE receiver is originally realized on the fractionally-
spaced transversal filters [3] with received signals oversam-
pled by an input sampler in order to moderate the effect of
timing phase error. The idea of oversampling received sig-
nals is adapted from the concept of the fractionally-spaced
equalizer [7-8]. By the realization of oversampling, memory
required for receiver coefficients and calculation complexity
is increased. Also, additional algorithms such as the tap-
leakage algorithm [9] for the stable operation of this
receiver may be needed. 

In this paper, it is shown that the necessity for oversam-
pling in an adaptive linear MMSE receiver may be dropped
by appropriate selection of signature sequences. Moreover,
the sensitivity to a timing phase error of signature sequences
is also investigated.

II. SYSTEM DESCRIPTION

We consider a discrete-time, baseband K-user CDMA
system as depicted in Fig.1a. We further consider an infor-
mation symbol of the k-th user ak(i)∈{-1,1} having a period
T modulated by an impulse signature sequence assigned to
the user ,

(1)

where Tc is the chip duration referring to the interval
during any two adjoining signature symbols, ck(m) and
ck(m+1). The spreading gain for this signature is thus 1/M.
Subsequently, the modulated-impulse signal is filtered by
the waveshaping filter p(t) to limit the transmission band-
width.

At the receiver-side Fig.1b, the noise rejection filter is
first applied to limit noise at the sampler input. The received
signal of the K-user asynchronous system at the adaptive
MMSE filter may be expressed as

(2)

Fig. 1. (a) Transmission of K-user CDMA system.
(b) Adaptive MMSE receiver for the desired k-user
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where uk(t) = sk(t)⊗p(t)⊗h(t,τ) refers to the received sig-
nature waveform as seen by the adaptive MMSE receiver, φk
is an arbitrary reference to the k-th user; φk∈[0,Τ), h(t,τ) is
the slow-fading wide-sense-stationary scattering(WS-SUS)
channel and ν(t) is bandlimited additive white Gaussian
noise(AWGN) with variance σ2. The received signal is sam-
pled at rate 1/Ts  where Ts = DTc and D is integer. The dis-
crete Ts-spaced sampled output is fed to the adaptive MMSE
filter afterwards.

After the adaptive filtering process, a downsampler of
the symbol rate T is applied to the adaptive linear filter out-
put, implying a cascaded adaptive linear filter and output
sampler serving as a decimating filter.

II. THE ADAPTIVE MMSE RECEIVER

A. The Optimum MMSE Filter Coefficients

Basically, the adaptive MMSE filter can be realized in
the form of linear transversal filter. By this, the sampled sig-
nal will be observed over a running window of length L; the
observed window can be represented in matrix from as fol-
lows

(3)

where U is the matrix of the received sampled signature
waveform; U = [u1, u2 ,..., uK], the vector a(i) = [a1 , a2,...,
aK] represents transmitted symbols of K users during that
window period and ν(i) is bandlimited AWGN.

By applying the mean-squared error (MSE) criterion [2],
the expression of the optimum linear FIR filter coefficients
for the desired k-th user is given by [3]:

(4)

where the matrix F = UUH+ σ2 is nonsingular [5] and
called the multiple access channel correlation matrix, and
uk = E[aky] is the signature vector associated with symbol
ak.

For conventional Tc-spaced sampling or sampling with
period Ts = Tc, the transfer characteristic of this optimum
linear FIR filter was derived in the Appendix A of [3]:

(5)

where Uk(ω) is the fourier transform of the received sig-
nature waveform of the k-th user and the number of filter
coefficients is L-1. Note that Uk(ω) in the denominator of
(5) is the aliased spectrum of sampled signature waveform.
However, to consider solely on the spectrum of the interest
user; user k, we may write (5) as follows

(6)

where Ψ denotes the multiple access interference(MAI).

Moreover, It is assumed that the coefficients spanning
LTc of the linear FIR filter is sufficiently long to collect
most of the energy dispersed by the transmission channel
and the waveshaping filter.

B. Effects of the Timing Phase Error

Let the k-th user be the user of interest. For simplicity of
notation, we may omit the subscript for user k in the sequel.
Referring to the model in Fig.1b, the aliased (Nyquist-
equivalent) spectrum (noise ignored) of an isolated chip
observed by the adaptive MMSE filter is thus

(7)

where the sampling instants of the input sampler are at 
t = iTc + τ. We further assume that if the excess bandwidth
occupied by the signal beyond the Nyquist frequency caused
by the waveshaping filter p(t) is less than 50%, it is then
easy to show that only three terms corresponding to l = 0,
±1 will survive. We may thus express the square magnitude
of Ueq,τ(ω) as

; .(8)

There are some observations about |Ueq,τ(ω)|2  in (8).
First, a null may be created in the rolloff portion (1−α)π/Tc
≤|ω |≤(1+α)π/Tc; that is, the width of this null is determined
by the rolloff factor α while its depth depends on τ with the
deepest when τ = Tc/2. Note that the null will cause perfor-
mance degradation because of the noise and MAI enhance-
ment caused by an attempt of the linear FIR filter to
compensate for this null.

Secondly, since Ueq,τ(ω) is the cascade of the signature
modulator, waveshaping filter and transmission channel, the
characteristic of each signature sequence may result in the
different severity level of the null. This is discussed further
in the next session.

To mitigate the effects of noise and MAI enhancement,
an oversampling technique may be applied to the input sam-
pler. This will enable the adaptive MMSE filter to compen-
sate for the channel distortion directly, before aliasing and
later compensating for any arbitrary timing phase distor-
tion[7-9]. Unfortunately, sampling at higher rate requires
more memory for coefficients and complex coefficient cal-
culations are required to keep the same time span of the lin-
ear FIR filter; these may be undesired in some
circumstances.

C. The Influence of Signature Sequences

Recalling (1), we may write the transfer function of the
signature modulator as follows

(9)
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For the waveshaping filter, we make our consideration
practical by applying the raised cosine frequency character-
istic:

(10)

where α is the rolloff factor. Let H(ω) be the transfer
function of the cascade of S(ω) and P(ω),

. (11)

We show the frequency characteristics |H(ω)|2 of sev-
eral signature sequences when their sampled phases are 0
and Tc/2, and the rolloff factor of the waveshaping filter is
equal to 0.5 in Fig.2. It is shown that the energy distribution
of each sequence depends on the signature sequence. Fur-
thermore, when the received signal is sampled at τ =Tc/2, it
is seen that the more energy in the affected region (1−α)π/Tc
≤|ω|≤(1+α)π/Tc, the more energy will be eliminated from
this frequency range. For instance, the energy of the
sequences in Fig.2a and Fig.2c are concentrated near π/Tc,
thus when the received signal is sampled at τ =Tc/2, most of
spectrum energy remains. On the other hand, the sequences
in Fig.2b and Fig.2d have the energy distribution mainly in
(1−α)π/Tc ≤|ω|≤(1+α)π/Tc band; therefore, when the null is
created at this region, the majority of their energy is wiped
out.

Since the linear FIR filter will make an inversion of
channel response plus MAI and noise, this leads MAI and
noise enhancement in that affect region. However, the sever-
ity of the enhancement depends on the energy wiped out by
the aliasing effects; that is, the signature sequence may be
another key role to alleviation enhancement problems with-
out applying oversampling. For instance, the signature
sequences in Fig.2b and Fig.2d which are very sensitive to
the timing phase error will cause noise enhancement of
noise and MAI when applied to the sequences in Fig.2a and
Fig.2c will have less enhancement when the timing phase
error occurs.

Another point to be noted is that the longer the
sequences, the greater the choices (degree of freedom) when
selecting the proper signature sequences. 

Now the problem of oversampling avoidance is nar-
rowed to how many good sequences can be assigned and
how much of a trade-off between the cost of complexity for
oversampling and the performance degradation for conven-
tional sampling. We will address these through simulation
results in the next section.

III. NUMERICAL RESULTS

CDMA systems with a spreading gain 8 and 12 are con-
sidered in Fig.3 and Fig.4, respectively. The performance
index, mean-squared error (MSE), is computed at the
steady-state in the training process where the least-mean-
square (LMS) algorithm is applied. Furthermore, the perfor-
mance index is observed when the timing phase is at τ = 0,
Tc/4 and at τ = Tc/2 of Tc-spaced sampling. The timing
phase τ = 0 is intentionally chosen to show the perfect case
while τ = Tc/2 is for the worst case of sampling. In addition,
the MSE of the adaptive MMSE receiver applying oversam-
pling (Tc/2-spaced) is also given.

We assume herein that the structure of MAI is ignored
and the MAI is assumed to be Gaussian distributed. The sig-
nal-to-noise-plus-MAI (SIR) ratio is set to 20 dB. Moreover,
the waveshaping filter having a raised cosine spectrum with
the rolloff factor α = 0.5 is applied. The tails of its impulse
response are limited at magnitude of 15 dB below its peak
value. Note that although the different choices of the rolloff
factor value result in the MSE, by simulation experience
results when the rolloff factor in the range 0.1-1.0 are not far
different; therefore, the only selected value of α = 0.5 is rea-
sonable and sufficient to draw a conclusion.

In Fig.3 and Fig.4, the MSE is plotted in logarithm
scale against all possibilities of signature sequences which
can be represented from 0 to 255 and 4095 (decimal) for
signature sequence of length 8 and 12, respectively. To
express the influence of signature sequences explicitly, we
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Fig. 2. Plot of |H(ω)|2 in the case  τ = 0 and Tc/2 of the sequences
(a)[1 1] (b)[1 -1](c)[1 1 1 1 1 -1 -1 1 1 -1 1 -1 1]
(d)[1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1]. Note that the rolloff factor 
α=0.5 for all plots.
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have sorted the MSE in ascending order of the Tc-spaced,τ
= Tc/2 category so as to present the relation of the number of
signature sequences (in worst case of sampling) effecting to
each level of the MSE. Then the MSE of the other catego-
ries are plotted with respect to the reordered signature
sequences. As expected, the MSE of the conventional Tc-
spaced sampling (1,2and3) are more sensitive to the
timing phase error, while the oversampling categories
(4and5) show no changes with regard to timing phase
errors. Furthermore, the MSE of the oversampling catego-
ries (4and5) is very close to that of Tc-spaced, no timing
phase error category (2).

From the simulation results, the problems arising from
the previous section about the trade-off between the conven-
tional sampling and oversampling, and how many good
sequences existing can be answered. We note that the  worst
category; Tc-spaced, τ = Tc/2, will be used for the following
comparison. In Fig.3, there are approximately 42(16%) sig-
nature sequences can be used for Tc-spaced sampling indi-
cating the MSE degradation within 1dB of those
oversampling whereas we can apply 140(55%) signature
sequences for Tc-spaced sampling yielding the MSE degra-
dation worse within 3dB of those oversampling. Similarly,
in Fig.4 there are about 625(15%) and 2300(56%) signature
sequences can be used for Tc-spaced sampling giving the
MSE degradation within 1dB and 2dB, respectively com-
pared to oversampling data. These results are quite similar
for both sequences of length 8 and 12. We also note that the
sequences showing high sensitiveness to the timing phase
error have their energy distribution mainly in (1−α)π/Tc
≤|ω|≤(1+α)π/Tc region. Not surprisingly, the two signature
sequences giving the largest MSE for Tc-spaced sampling,
when τ = Tc/2 in Fig.3 and Fig.4 are the sequences alternat-
ing between 1 and -1; [ 1 -1 1 -1 ...] and [ -1 1 -1 1 ...], of
length 8 and 12, respectively.

Since the simulation results show the degree of timing
phase error sensitiveness of each sequence where some
sequences are acutely sensitive to the timing phase error;
therefore, the avoidance of these sequences for conventional
Tc-spaced sampling can prevent the system from vicious
degradation of performance. 

As described above, the Fig.3 and Fig.4 explicitly show
the trade-off between complexity increased from imple-
menting the oversampling and the performance degradation
from applying the conventional Tc-spaced sampling. 

V. CONCLUSIONS

The avoidance of oversampling for adaptive linear
MMSE receivers for CDMA systems (Gaussian-distributed
MAI assumed) is addressed. The simulation results have
shown that by applying the conventional Tc-spaced sam-
pling, each signature sequence responds differently to the
timing phase error with different value of the mean-squared
error (MSE) and some sequences are highly sensitive to the
timing phase error. By selection of the signature sequences
that are less responsive to the timing phase error with an
acceptable level of performance degradation, we can have a
reasonable trade-off between the cost of complexity of over-
sampling implementation and the performance degradation
of conventional Tc-spaced sampling. In other words, each
signature sequence is different in sensitiveness to the timing
phase error when chip-rate sampling is applied. The less
sensitive sequences yield the MSE close to the oversam-
pling case or chip-rate sampling with perfect timing phase.

Although the results of the degradation level shown in
Fig.3 and 4 are the special case when the rolloff factor
value α = 0.5 and varying the rolloff factor α may change
the MSE, the same conclusion can still be drawn as above.

In addition, we have observed that the desired signature
sequences should have spectrum energy concentrated as less
as possible in the rolloff region (1−α)π/Tc ≤|ω|≤(1+α)π/Tc
where α is the rolloff factor. This can be a criteria for the
signature sequence design for CDMA systems applying
adaptive linear MMSE receivers where the Τc-spaced sam-
pling is employed.

Fig. 3. Plot of MSE versus (sorted) signature sequences of length 8 and 
SNIR=20dB
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Fig. 4. Plot of MSE versus (sorted) signature sequences of length 12 
and SNIR=20dB

500 1000 1500 2000 2500 3000 3500 4000

10-2

10
-1

Signature(sorted by         )

M
SE

À

, 

c 

c 

T -spaced,  =T /4 

T /2-spaced,  =0 

c 

c 

c 

c 

τ 
τ 
τ 

, 

T -spaced,  =T /2 

T -spaced,  = 0 

τ 
T /2-spaced,  =T /2 τ 

À

Á, 

c 

1dB

2dB

c Ã

Ä 

Â

Á

Ä 

À

Ã

Â

Tadeusz A Wysocki
29



REFERENCES

[1] S. Verdu, Multiuser Detection. Cambridge, U.K.:
Cambridge Univ. Press, 1998.

[2] J. G. Proakis, Digital Communications. New York:
Wiley, 1989.

[3] P. B. Rapajic and B. S. Vucetic, “Adaptive receiver
structures for asynchronous CDMA systems,” IEEE
J. Select. Areas Commun., vol. 12, pp. 685-697, May
1994.

[4] D. K. Borah and P. B. Rapajic, “Adaptive MMSE
Maximum Likelihood CDMA Multiuser Detection,”
IEEE J. Select. Areas Commun., vol. 17, pp. 2110-
2122, Dec 1999.

[5] F. Ling, S. U. H. Qureshi, “Convergence and Steady-
State Behavior of a Phase-Splitting Fractionally
Spaced Equalizer,” IEEE Trans. Commun., vol. 38,
pp. 418-425, Apr. 1990.

[6] P. Iamsa-ard, Masters Thesis . UNSW, 2001.
[7] R. D. Gitlin and S. B. Weinstein, “Fractionally-

spaced equalization: an improved digital transversal
equalizer,” Bell Syst. Tech. J., vol. 60, no. 2, pp. 275-
296, Feb. 1981.

[8] G. Ungerboeck, “Fractional tap-spacing equalizer
and consequences for clock recovery in data
modems,” IEEE Trans. Commun., vol. COM-24, no.
8, pp. 856-864, Aug. 1976.

[9] R. D. Gitlin, H. C. Meadors, Jr., and S. B. Weinstein,
“The Tap-Leakage Algorithm: An Algorithm for the
Stable Operation of a Digitally Implemented, Frac-
tionally Spaced Adaptive Equalizer,” Bell Syst. Tech.
J., vol. 61, no. 8, pp. 1817-1839, Oct. 1982.

Tadeusz A Wysocki
30




