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Abstract

The definition of the Feng-Rao designed minimum distance, first introduced into algebraic geometry
codes, has been extended to the case of general linear codes by Miura. In Miura’s definition the Feng-
Rao designed minimum distance dpg is determined by an ordered basis related to a given linear code
over a finite field F,. Matsumoto gave a generalized definition JFR of dpr with three ordered bases
Wi, Up, Vy,. The basis W, is used for defining the linear code, and the bases U, and V,, are used for
computing a syndrome matrix. We have Miura’s definition if we assume U,, = V,, = W,, in Matsumoto’s
definition. In this paper we discuss the choice of three bases by Matsumoto’s definition for binary linear
codes. From some properties and some numerical examples of Matsumoto’s dpr we conjecture that
Matsumoto’s generalization is not so effective for binary linear codes compared with Miura’s definition.

Keywords : binary linear code, Feng-Rao designed minimum distance, ordered basis,
Miura’s definition, Matsumoto’s definition.

1 Introduction F7 instead of one in case of Miura’s definition,

i.e., W, is used for defining the linear code, and
The Feng-Rao designed minimum distance and U, V,, are used for computing a syndrome matrix
the Feng-Rao decoding were originally introduced in Matsumoto’s definition and Miura’s definition
into algebraic geometry codes [1]. They have been is included by assumption U, = V,, = W,,.
extended to the case of general linear codes over a In this paper we discuss the choice of three
finite field by Miura [3]. Miura’s definition of the bases by Matsumoto’s definition for binary lin-
Feng-Rao designed minimum distance dpp for an ear codes. Consequently we conjecture that Mat-
(n, k) linear code C' over a finite field F of order sumoto’s generalization for binary linear codes is
q depends on the choice of an ordered basis W,, = not so effective compared with Miura’s definition
{w1,wa, -, wy} of the vector space Fy* with di- by some properties and some numerical examples
mension n over Fy. It is interesting to find such of Matsumoto’s dpp.

an optimum ordered basis W,, as dpgr is maxi-
mum, since the Feng-Rao decoding algorithm can

correct up to [(dpr — 1)/2] errors. Recently the 2 Definitions and properties
aut'hors shoyvgd some propertles of the ang—Rao of the Feng-Rao Designed
designed minimum distance dpgr by Miura for .. )

binary codes and cyclic codes [4, 5]. Recently Minimum Distance

the definition of dpgr of linear codes has been _ _ . _ _

slightly generalized by Matsumoto [2], which uses In this section we will briefly review results of [3]
three ordered bases U, = {u1,us, -, un},V, = and [2] necessary for the following discussions in
{vi,v2, -+, v,} and W,, = {w1,wa, -, w,} of this paper.
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For two vectors © = (z1,22, -, 2p) and y =
(Y1,y2,*+,Yn) € F, their product xy is defined
as xY = (T1Y1,T2Y2,", TnYn) € Fy. We will
call W, = {w1,ws, -+, w,} C F' an ordered ba-
sis of F" if W, is a basis of F' and the ordering of
n vectors wi, wa, - - -, Wy has meaning. The sub-
set W; of W, is defined by W; = {w1, wa, -, w;}
for1 <i<n.

Definition 1 For a vector b € F', the map of an
ordered basis Wy, denoted by o: F}' —{0,1,2,---
is defined as

o(b) = min{i|b € Span{W,;}, 0 <i < n},

where Span{W;} is a subspace of F' spanned by
W; and Span{Wy} = {0}.

Definition 2 Let u; € U,, v; € V,,. The prod-
uct w;v; of u; and v; for an ordered basis Wy, is
said to be well-behaved if o(u,v,) < o(u;v;) for
any 1 <u<i, 1<v<j, (u,v)#(i,7).

Let W be a subset of an ordered basis W,, of
F;'. The linear code C(W,,, W) over Fy is defined
as

C(W,, W) = Span{W}* C F},

where Span{WW }+ means the set of all vectors in
F}' orthogonal to Span{WW}.

2.1 Miura’s Definition of the Feng-

Rao Designed Minimum Distance

dFR
Definition 3 For 1 < s < n, we define N(s) as

b

where §A means the cardinality of set A. For
an ordered basis W, of Fy we define N(W,) as

o(lwwj)=s, 1<i,j<n,
w;w; 1s well-behaved

NG =#{(0.3)

Lemma 1 [5] We have 0 < N(s) < s, for 1 <
s<n.

Definition 4 The Feng-Rao designed minimum
distance of the linear code C(W,,, W) is denoted
as

drr(C,W,) and defined as

drr(C,W,) = min{N(s)|ws € W,\W, 1 <s <n},

where W, \W is the subset of W,, without the el-
ements of W.

We will use the notation dpgr(C, W,,) to show
the ordered basis W,, explicitly.

;n}
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Lemma 2 [5] Let d be the true minimum dis-
tance of C(Wy, W). Then we have d > dpr(C, Wy,).

For a fixed linear code C' we can choose many
bases W), such that C = C(W,,, W).

Definition 5 For a linear code C we define the
set of all ordered bases such that C' can be defined
by this ordered basis, i.e.,

W(C) = {W,|’W C W, s.t. C =C(W,, W)}

Note that W is uniquely determined from C
and W,. Our purpose is to give an optimum or-
dered basis W, for a given linear code C.

Definition 6 The Feng-Rao designed minimum
distance dpr(C) of C by Miura is defined as

drr(C) = max{dpr(C, W,)|W,, € W(C)}.
The ordered basis W,, satisfying
drr(C) = drr(C,Wy)

1s called an optimum ordered basis for C.

2.2 Properties of Miura’s dpp

Next we will consider only binary linear codes
over Fy. The following lemma [3, Lemma 3.3]
and its corollary [3, Corollary 3.4] are essential in
our discussions. We will quote them in case of
binary linear codes, although Miura proved them
in case of linear codes over any Fy. We will give
their proof for the convenience of readers who will
find difficulty in obtaining Miura’s thesis [3].

Lemma 3 LetW,, = {w1, w2, -, wy,} be an or-
dered basis of Fy' and w € F3'. If o(w,w) <
t < n, then there exists at least one i such that
o(ww) < o(w,w) and 1 < i < t.

Proof We will show a contradiction if we as-
sume

o(ww) < o(wyw) for i=1,2,---,t—1. (1)
Let o(w;w) = s < t. We have
wiw = qqwi Fawa+- - tasws, as 0. (2)

From the assumption (1) we also have

wiw = G 1wy + Pigwa+ - + Bis—1we—1. (3)

We have ww
we have

w for any binary vector w and

wiw wiww = (waw)w

(aqwy + -+ + asws)w

QWIwW + -+ o WW

(4)
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from (2). However (2) and (4) are contradiction,
since the term asw; in (2) is missing in the right-
hand side of (4) because of (3).

O

Corollary 1 If o(w;w;) = s and w;w; is well-
behaved, then we have 1 <i,j < s.

Proof If we assume i > s, then application of

Lemma 3 with ¢ = i and w = w; shows that

w;w; is not well-behaved from the definition of

well-behavedness. The proof of j < s is the same.

O

Therefore we will prove the following theorem
shown in [5].

Theorem 1 Any binary linear code has dpr(C, W,,)

equal to either one or an even number.

This theorem tells that binary linear codes can
not have an odd dpgr(C,W,) > 3. Our proof of
Theorem 1 is very simple as shown below.

First we use the following property which is
obvious from the definition.

Lemma 4 If wyw;(i # j) is well-behaved, then
w;w; 18 also well-behaved.

Next we use the following lemma which is al-
most obvious from Corollary 1.

Lemma 5 If w;w; is well-behaved of W,,, then
we have N (i) = 1.

Proof For a binary vector w; we have w,;w; =
w; and o(w;w;) = i. There can not exist another
Wy Wy,

(u,v) # (i,7) which satisfies the condition that
U(wuwv)

= 4 and w,w, is well-behaved, since such w,,
and w, must satisfy 1 < wu,v < ¢ from Corollary
1 and o(w,w,) must be less than i because of
w;w; being well-behaved.

Proof of Theorem 1 We have N(1) =1
because of o(wiwy) = 1.

If w;w; is not well-behaved for ¢ > 2, then
N(i) is even for ¢ > 2 from Lemma 5. Therefore
we have Theorem 1.

If there exists such a w; € W,\W as w;w;
is well-behaved, then we have N(i) = 1 from
Lemma 5 and dpg(C,W,,) = 1 from the defini-
tion of dpr(C, W,,).

O

2.3 Matsumoto’s Definition of Feng-

Rao Designed Minimum Distance

dFR

Miura’s definition of the Feng-Rao designed min-
imum distance has been generalized to dpr by
Matsumoto [2].
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Definition 7 For 1 < s < n, we define N(s) as

N(s) =t {(m)

o(uvj) =s, 1 <4,j <n,
u;v; is well-behaved )

For an ordered basis W,,, U, and V,, of Fq” we de-
fine N(Wy,, Uy, V) as N(W,,Un, Vy,) = (N(1),
N(2),---, N(n)).

Our numerical experiments in case of all (7, k)
linear codes by generating all the possible set of
three bases show N(l) <1 and N(Q) < 2. So we
have the following conjecture.

Conjecture 1 We have 0 < N(s) <s, forl<
s <n.

Definition 8 The Feng-Rao designed minimum
distance by Matsumoto of the linear code C(W,,, W)
is denoted as dpr(C, Wy, Uy, V,,) and defined as

Lemma 6 [2] Let d be the true minimum dis-
tance of .
C(W,,,W). Then we haved > dpr(C, Wy, Uy, Vy,).

JFR(C’ WTMUn;Vn):mln{N(s) ws € Wn\W

1<s<n

Definition 9 For a linear code C we define the
set of all triples with three ordered bases such that
C can be defined by an ordered basis W, i.e.,

W C W, s.t.
C=CWy, W) and
U, V. are ordered
bases of I}

T(C)=< Wn,Upn, V)

Note that W is uniquely determined from C
and W,,. Moreover U,, and V,, are not concerned
with the linear code C'. Our purpose is to give an
optimum triple of three ordered bases (W,,,U,,V.,)
for a given linear code C.

Definition 10 The Feng-Rao designed minimum
distance dpr(C') of C' by Matsumoto is defined as

drg(C) =
max{dFR(C, Wn, Un, Vn)‘(Wn; Unv Vn) € T(C)}

The triple of three ordered bases (W,,,U,,,Vy,) sat-
isfying dpr(C) = dpr(C, Wy, Uy, Vy,) is called an
optimum triple for C'.

2.4 An Example of Matsumoto’s ciFR

Next we will consider only binary linear codes
over Fy. First, we show an example of a triple of
three bases in order to discuss Matsumoto’s gen-
eralization of dp R-
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Example For (7,4) linear code, let three or-
dered basis be as follows:

w), = Uy = (1 01 1 10 0),
W = U = (0 1 0 1 1 1 0),
w3 = U3z = (0 01 0 1 1 1),
wy=us= (0 0 0 1 1 0 0),
ws=us;= (0 0 0 0 0 1 1),
wg=us= (0 0 0 1 0 1 0),
wr=u7;= (0 0 0 0 0 1 0).
vi= (0 0 0 0 0 1 0),
vo= (0 0 0 0 0 1 1),
vs= (1 01 1 1 0 0),
vg= (0 0 0 1 1 0 0),
vs= (0 1 0 1 1 1 0),
ve= (0 0 1 0 1 1 1),
v;= (0 0 0 1 0 1 0).
Since the matrix of o(u,;v;) is

001 4457
7744266
75576 37
0044477
7500757
7777676
77T 007 77|

Above matrix o(u;v;) shows that o(uivs3) =
1 and wyvs is well-behaved, which contradicts
with Corollary 1. Therefore in Matsumoto’s def-
inition we don’t have Lemma 3 and Corollary 1,
which are used in proving Theorem 1.

However our numerical experiments on (7, k)
binary codes strongly suggest the following con-
jecture which is the same our previous Theorem
1.

Conjecture 2 Any binary linear code has JFR(C,
W, Un, V) equal to either one or an even num-
ber.

3 Conclusion

In this paper we discussed Miura’s definition and
Masumoto’s definition of the Feng-Rao designed
minimum distance for binary linear codes. Mat-
sumoto’s definition is a generalization of Miura’s
definition. Some properties and examples induce
some conjectures which tell Matsumoto’s gener-
alization is not effective compared with Miura’s
definition for binary linear codes.

Future works are giving proofs for these con-
jectures and investigate nonbinary linear codes.
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