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Abstract

A new iterative equalizer based on the classical block
decision feedback equalizer is derived. The perfor-
mance of this equalizer benefits from the usage of a soft
decision function, which is based on noise whitening
and consecutive matched filtering. The derivation of the
decision function is very general and therefore applica-
ble to arbitrary complex valued modulation symbols.

After adding the possibility of processing extrinsic in-
formation to this decision function the equalizer is em-
bedded in an iterative equalization/decoding scheme.

To demonstrate the performance of the scheme sim-
ulation results for frequency selective channels using
BPSK and 16 QAM are presented.

1 Introduction

In recent years mobile communication has seen a
tremendous development. The growth rate of number of
subscribers for mobile communication systems is enor-
mous and mobile multimedia communication demand-
ing very high data rate are on the horizon. Since the
available spectrum allocation for mobile communica-
tion systems and the transmit power is limited, suitable
methods have to be found, which use the available band-
width efficiently and require as little transmit power as
possible.

To meet these requirements many modern commuta-
tion systems use non-binary modulation alphabets, e.g.
M -ary phase shift keying (PSK) or M -ary quadrature
amplitude modulation (QAM) schemes in combination
with forward error correcting codes.

In the following we will introduce an algorithm which
is suitable to detect a coded signal which uses arbitrary
complex valued modulation alphabet and is subject to a
high level of inter symbol interference (ISI) originating
from a frequency selective channel.

A well-known detection scheme with moderate com-
plexity and often near optimum performance is based on
recurrent neural networks (RNN). It was introduced first
for systems without coding in [14] and [7] for the case of
BPSK and extended to general complex valued modula-
tion alphabets in [12]. In [10] and [11] it was extended
to systems with coding.

Other approaches leading to equalizer structures
which are closely related to the one derived here are ex-
plained in [1] and [5]. Both publications use linear filter-
ing in combination with iterative soft decision feedback.
The difference between them is the filter design crite-
rion. The first one uses the unbiased minimum variance
criterion whereas the second one the minimum mean
squared criterion.

First [3] applied the ideas of multiple iterations and
soft feedback to the classical cholesky based block de-
cision feedback equalizer (CBDFE), see e.g. [15] in a
multi-user context. Using this as a basis we will drop
some simplifying assumptions and generalize the results
previously obtained, resulting in a class of equalizers
which differ in complexity and performance.

Furthermore, we will test the suitability of this new
equalizer to be used in a “Turbo” equalization scheme
similar to the structure introduced first in [2].

After explaining a vector valued transmission model
of a coded transmission over a frequency selective chan-
nel based on [6], we describe the classical CBDFE.
Starting from this basis we derive a new iterative equal-
izer, i.e. , the iterative soft Cholesky block decision
feedback equalizer (SCE), for an uncoded transmission.
Subsequently we add the possibility of processing ex-
trinsic information to the SCE and use this modified ver-
sion in an iterative coding and equalization scheme.

In the simulation part we compare the performance of
different versions of the SCE against each other, to the
matched filter bound (MFB) and to an RNN type equal-
izer, see e. g. [12] for coded and uncoded transmission.

For mathematical notation we use double underlined
letters to denote matrices A, whereas vectors v will be

denoted single underlined letters. Furthermore, (-)* de-
notes the transposed, (-) the hermitian, i.e. the trans-
posed conjugate complex of a matrix, and (-)~* the in-
verse of a matrix.

2 System Model

Figure 2 depicts a continuous-time model of a coded sin-
gle carrier transmission in the equivalent low-pass do-
main. A sequence of statistical independent bits ¢ is
encoded using an optionally punctured terminated con-
volutional code. The code is deduced from a rate 1/n
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Figure 1: Transmit side of a coded single carrier trans-
mission scheme

nT(t)

Figure 2: Transmit channel together with a receiver

mother code using a puncturing matrix P. After inter-
leaving the encoded bit sequence using a pseudo ran-
dom interleaver matrix II the modulation specific cod-
ing CODwop groups the interleaved binary codeword
sequence ¢ into blocks of log, (M) bits. Each of those
blocks is determining one complex transmit symbol
z(k) € A = {a1,as,...,ap}. In “Guard”, periodi-
cally after IV transmit symbols, a guard period of known
symbols is inserted such that the receive stream may be
separated into independent blocks in the receiver. For
simplicity, we assume in the following the insertion of
zeros . After parallel/serial (P/S) conversion the transmit
symbols z, (k) are modulated using the basic waveform
e (t) resulting in the transmit signal s (¢).

Subsequently the modulated signal s (t) is transmit-
ted over a frequency selective additive white Gaussian
noise having impulse response hy(t). In the receiver
the symbol time sampled output sequence of the chan-
nel matched filter homr,, (t)

howies (t) = 3eir(=0)  hir(—) @

is fed to an equalization/decoding algorithm.
By introducing the discrete-time auto correlation r(k)
and the sampled colored noise 7(k)

r(k) = %hCMFT (t) * hr (t) * er(t)|t=rT, )
2
(k) = Shosr, (1) 5 (8l mir,

it is possible to reformulate the relation between the vec-
tor of transmit symbols z = (z(1),...,z(N))T and
the sampled output of the matched filter (without guard

time) y = (y(1),... ,y(N))* in compact matrix vector
notation
y =Rz + 0 with
__— @)
R=[ry]and riy =r(i —j) .

3 Equalization Scheme

Commencing with the conventional Cholesky based
block decision feedback equalizer (CBDFE), which may

t o7 q
T( ) M S/P }—gb{EQX/DEC L,

colored noise
n
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Figure 3: Equivalent vector valued transmission scheme

be viewed as the block processing counterpart of the
ordinary decision feedback equalizer (DFE) based on
finite impulse response (FIR)-filtering, we will derive
an iterative block decision feedback equalizer. Retain-
ing the filter matrices of the CBDFE, the new scheme
overcomes the unavoidable SNR-loss of a conventional
CBDFE using a novel soft decision function and multi-
ple iterations. Therefore, we will term this new scheme
iterative soft Cholesky block decision feedback equal-
izer (SCE).

3.1 Cholesky Block Decision Feedback
Equalizer

The correlation matrix R is hermitian and positive semi-
definite. Since a positive semi-definite matrix becomes
positive definite by adding a small value greater zero,
e.g., the noise variance, on the main diagonal it possible
to treat R as positive definite. Under this assumption
R can be factorized in a product of an upper triangular
matrix F and the hermitian of this matrix using cholesky
decomposition:

4)

=

=F

(I~

The CBDFE employs (EH)*1 as feed-forward filter.
The combination of the channel matrix R and the feed-

forward filter (QH)*1 results in the simplified model
shown in Figure 3 and described by

E=ED T Ra+n)
=E" N E"Ez+F'n)=Fz+n
fir fi2 fin 1 (5)
f22 f2N T2
: B
0 f]\.fN ar;N

Introducing dec(-) as a two-dimensional decision de-
vice matched to the modulation alphabet A and ex-
ploiting the upper triangular matrix property of F' the

CBDFE sequentially detects the block of transmitted
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symbols starting from the end of the block

jN = dec <fN—N§N>

Tn-1 =dec < (En-1 — fN—1NiN))

fvoan—t

| (®)
o (20

| ter ative Soft Block Decision Feedback
Equalizer

3.2

The soft decision function of the SCE is based on the
optimum detector for colored Gaussian noise. In each
stage of the equalizer the covariance matrix of the in-
terference as well as the transmit symbol vector is esti-
mated.

3.2.1 Real valued matrix notation

Below we will introduce a notation which describes the
quadrature components of a baseband symbol not by
means of complex numbers but by a vector of length
two. This representation enables us to handle general
complex Gaussian random vectors like they are required
for the derivation of the SCE and which may not be de-
scribed correctly by means of a complex Gaussian dis-
tribution, e.g. , a random vector consisting of complex
elements with non-zero covariance between the quadra-
ture components. A deeper insight into the properties of
such random vectors is given by Neeser and Massey in
8].

[ ]In this notation a complex vectors v of length a is
represented by real vectors v of length 2¢ and a com-
plex matrix M of dimension a x b by real matrices M of
dimension 2a x 2b. The corresponding transformation
rule is shown in Equation (7). ® denotes the Kronecker
product

= (R() S(1) . Rw) S@)"
1 0
=R(v 0 S(v) ® <1)
—\S (ma1) —3(may)
mu) R(ma) (M)
M= :
ma1 mal) §R(’n.7’ab)

=R(M

(6 1)+save(l )

In this notation a complex symbol corresponds to
a real vector of length 2, e.g. , the modulation al-
phabet is given by A = {a;,...,ay} with a; =

(R(a;), (a;)T

3.2.2 SCE - iteration scheme

The SCE replaces the hard decision function of dec(-)
by a soft decision function decs(+) which is designed
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Figure 4: SCE updating estimate of symbol x, in itera-

tionn

under the constraint of minimizing the mean squared er-
ror (MSE) of the decision. Furthermore, the SCE uses
multiple iterations, each iteration starting from the end
of the block, during which previous estimates of inter-
fering symbols are fed back.

A model of the SCE when calculating an estimate X ”(")
of the I-th symbol x, in the 5-th iteration is shown in
Figure 4 and described by

%" = deceon (£ @) with
é(nal) _ é_i\lg(ﬂal) and (8

() — [gln=DT
%

_nT T T
g , Xl(ﬂ 1) ;((W) =(n) 1T

X415 XN ]

E\l denotes a matrix derived from E by setting the

(21 —1)-th and the 2I-th column to the zero vector. 8"
contains previous soft decisions of interfering symbols.
The matrix gsv";i) is the covariance matrix of the noise

plus interference signal.

Initially, no estimates of the transmit symbols are
available. Therefore, we will initialize the feedback vec-
tor x(1-V) by the unconditioned mean of the transmit
vector, E{x}, which corresponds under the assumption
of an unbiased and equiprobable modulation alphabet to
the all-zero vector.

The desired end state is reached for £ = x, i.e.
all interference has been subtracted and therefore a(’”)
equals a

é(n,l) = ilél +n . 9)

f, is a sub-matrix of E containing the (2 — 1)-thand 2/-
th column of F, reflecting the impact of the I-th transmit
symbol x, on the receive vector &. In case Equation (9)

is valid £ is only dependent on transmit symbol x,

3.2.3 Decision function

Firstin [13] a decision rule aiming to minimize the mean
squared error (MSE) of the decision was proposed and
further investigated in [4]. In [12] a similar idea was
applied to determine the decision function of a RNN.

Then in [3] the ideas mentioned above were applied
to the CBDFE to overcome the DFE inherent SNR-loss.
In the following we generalize the results gained in [3]
resulting in a class of decision functions.
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Figure 5: Model of the decision of the SCE

The new decision function allows to take decision
based on all entries of L whereas the decision function

of a conventional CBDFE benefits only from energy on
the main diagonal of F. A model for decision of one

symbol x, is shown in Figure 5. Multiplying the trans-
mit symbol x,; with ; spreads its energy over the receive

vector £,

D = f x, +n+i"Y 10
o] == = -

Two parts disturb the reception. The first one, n, is
caused by additive white Gaussian noise which is as-
sumed to be independent of the transmit signal, whereas
the second part, im0, comprises the remaining interfer-

ence of other symbols.
For the sake of computational tractability we treat the

remaining interference i ")

X(WJ))

A(n,l) _
P=E & 11)

as a random vector having a multivariate Gaussian dis-
tribution with correlation matrix 7).

As already stated, the derivation of the decision func-
tion is based on minimizing the MSE of decision x “(")

%" = arg (ngn E{(y —%)" (x — zl)@“%”}) (12)

The solution of this minimization problem is given by:
Xl(ﬂ) —

(13)

To evaluate Equation (13) we have to determine P()_(, =
7,0

gj|é("7l)). Applying Bayes’ rule to P(x; = am|£ )
gives us:
("‘l) = . = .
Ply =ity = ET R Z 2P Z2) )

p(E™)

The additional assumption of equiprobable transmit
symbols, i.e. P(x, = a,,) =1/MVa,, € A, combined
with Equation (14) leads to

p(E™x = a))
oo PE" ] = a,,)

For the next step we will introduce the abbreviation
(m,)
w

P(& = §j|é(n’1)) =

(15)

w(?751) — i(nsl) +n (16)

as the sum of residual interference 1(”7’) plus noise n.
The covariance matrix of w(":) is given by:

(D(ﬂ b _

=w w

q><" Ytoanl 17

Exploiting additionally the assumption of having in-

terference with Gaussian distribution p(E,(" Dlx, = a;)
is described by a 2NV dimensional Gaussian distribution

with variance @Y and mean f a
=ww ==

1

f_‘(ﬂ’l) X, =a,;) =
p(& I, J) (2m)N det(g("’”)l/z

(n,1)~ (n,0)
2)" @ (€ ~ 1 a)

(18)

exp ( Lig _

To reduce computational complexity it is quite com-

mon to use a set of sufficient statistics é(n’) of the
random process, which still contains all information of

£ but requires less dimensions. The condition for a
sufficient statistic is summarized in Equation (19).

pEM ] = 2,) = pE" =2 fE™Y)  (19)

In this case as it can be easily seen from Equation (15)

P(x, = 2,)8"") = Plx, = 3,[E"")  (0)
is valid.

A quite well-known method in the presence of col-
ored noise, which fulfills Equation (19) is the whitening
approach. It is composed of a whitening filter and a con-

secutive matched filter.

(fT(D(n T f) lfTCD(" e 1‘2(77 1)

=l —w w =l =l —w w

g = 21)

Usage of this approach delivers us a sufficient statistic
=(n,l . .
é(n’ ) of & (D) of length 2 with mean a; and variance

()~ g -1
& o) f)

TomD ! f)3
det(fy @m0 £ )3

27

_ éj)Tifg(w"’ﬂlrl L@

pE™Y]

X zéj) =
1 =0

e

(n,1)

-exp(— (22)

_éj))

which can be used in Equation (15) instead of
pE"™ | = a))

3.2.4 Estimation of the Covariance matrix

The covariance matrix of the interference may be ex-
pressed by means of a conditional expectation value as
shown in Equation (23).

T
(D(n U—E{l(" 1) (nl) |a}

=E Bl - -x"NTgE, (23
_ (n,l) g’
E\lg)n( E\l

\ and the covariance ma-

trix of the remaining decision error gi"j). Under the

It depends on the matrix E
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assumption of statistical independent decision errors of
the symbols in one block gi"j) is a block diagonal ma-
trix o

(D(ﬂ 0 _ =d (D(ﬂ 1) . (D(ﬂ 1)
lag([—X1X1 T=xx
@ (D(") D) (24
=X qp1x41’ T=xnxn
with 2 x 2 sub-matrices (D(")
l )
i (T
oM = E{x,x |‘g(n l)} (n)&(n) (25)

XX

These sub-matrices describe the decision error of the [-
th symbol which can be calculated using Equation (25)
together with Equation (15)

M
E{xx [} = aa] P(x, = a,18"")

j=1

(26)

3.2.5 Complexity Reduction

The task requiring most computational complexity in
the equalization scheme is the matrix inversion of the

covariance matrix (D(" b,

A 5|mpI|f|cat|on WhICh leads for many scenarios to a
negligible loss in performance is the assumption of hav-
ing mutually uncorrelated interference terms but taking
the correlation of the quadrature components of each in-
terfering term into account. In this case gi(i“) and as a

consequence of this 257;5) is approximated by a block

diagonal matrix with blocks of 2 x 2 sub-matrices. This
simplification reduces the complexity from inverting a
2N x 2N matrix to the complexity of inverting N 2 x 2
matrices.

When additionally neglecting the correlation between
the quadrature components of the interference vector

i), @1 is given by a diagonal matrix according to:

@Y » diag(diag(@"")) 27)

This simplifying approach was pursued in [3].

4 Joint Equalization and Decoding

In the previous sections we have described an iterative
equalizer based on the optimum receive filter in the pres-
ence of colored Gaussian noise. In this section we will
explain how to combine equalization and decoding such
that a combined equalization and decoding block with
an unrealizable high complexity is approximated by a
structure using two separated devices passing in several
iterations information between each other. In the liter-
ature this receiver structure is known as “Turbo” equal-
izer. It was first introduced in [2].

A common probability measure in iterative schemes
for binary random variables, e.g. code bits, are the log
likelihood ratio (LLR) L:

L(z) = log Pz =0)

Pz =1) (28)
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Figure 6: Combined Equalization and Decoding

A receiver structure using the ideas mentioned above
is shown in Figure 6. For better readability the indices in
the L values and probability arguments have been omit-
ted.

First we will describe the exchange of information be-
tween decoder and equalizer. To take the constraint of
the code into account we modify the probability P(x; =
a,;|£") in Equation (13) and (26) by adding an addi-
tional condition C which represents the constraint of the
code. Application of Bayes’ rule results in:

pEIx, = 2,,0)P(x, = a,]C)
pE™C)

= (.l
P(xl—a |a(n )

,C) =
(29)

The additional assumption of statistical independent
constraints gW) and C, which is at least justified in

the first iteration of the combined equalization decod-
ing scheme by the usage of the random interleaver 11,
leads to:

(30)

With B as the mapping rule from symbols to bits, e. g.
, B(a;,1) is the bit value of the first bit of symbol a,
and assuming that the additional information P(c;;|C) of
the code bits determining the I-th symbol are mutually
statistical independent P(x, = a;|C) is given by:

loga (M)

II Plai=BG@;.dlc)

i=1

P(x, = 3;|C) = (31)

Using LLR’s Equation (31) can be reformulated as

i) L(cu|C))
(1 + exp(L(cii[C)))

toea () exp(l — B(éj:

I

i=1

P(x, = 3;|C) = . (32)

Up to now we have described the exchange of infor-
mation between decoder and equalizer. The exchange
between equalizer and decoder is accomplished by a
block Lg;;, which calculates Bit LLR’S L(c;;|y) based

on the symbol probabilities P(x, |§("’”) of the equalizer.
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~(n,l a,; i
L(culy) = L(e| &™) = log =

(33)

Herein AEO] defines the set of modulation symbols
which are defined by a bit sequence having a zero at

position i whereas AE” corresponds to the set of modu-
lation symbols having a one at position i.

Several strategies how to pass the information be-
tween equalizer and decoder are known in the literature.
The one which will pursue in the simulations is a block-
wise update per iteration, i.e. per iteration the informa-
tion between equalizer and decoder and vice versa is ex-
changed once.

5 Simulation Results

To investigate the performance of the combined equal-
ization and decoding scheme we have computed bit er-
ror rates (BER) based on Monte Carlo simulations. We
have chosen time invariant channel models according to
[9]. In the coded case we have used a constraint length

Channel b
Channel ¢

h =[0.407 0.815 0.407]
h =0.227 0.460 0.688 0.4600.227]

Table 1: symbol time spaced channel models according
to [9]

3 rate % convolutional code with generator polynomial
[7 5]. The blocklength of the terminated convolutional
code was adjusted such that the corresponding bit se-
quence of K equalizer blocks is determined by one code
word of length .. The corresponding parameter set is
addressed by K x N.

Figure 7 shows the results obtained for uncoded
BPSK, an equalizer blocklength N = 8 and channel
c. As an upper bound the classical CBDFE is depicted
whereas maximum likelihood (ML) detection serves as
a lower bound. In this case the full complexity and the
diagonal approximation of the SCE perform nearly the
same. Furthermore the improvement when using more
than 2 iterations in negligible. The performance gain at
a BER of 10~ of 3.5 dB of the SCE in comparison to
the CBDFE as well as the performance loss in compari-
son to ML of about 1.5 d is remarkable. Furthermore the
RNN type equalizer does not converge at all. Neverthe-
less, at a BER 10~* the gain decreases to 1 dB whereas
the loss increases to 4 dB.

The results for a coded BPSK transmission with
blocklength 100 x 16 over channel ¢ are shown in figure
8. As a lower bound the code performance in an AWGN
channel without ISl is depicted. In this case the SCE
with full complexity nearly achieves the lower bound
and outperforms the SCE with diagonal approximation.
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Figure 7: Comparison between SCE using diagonal
and full covariance matrix, BDFE and RNN for BPSK,
channel c, and blocklength N = 8
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Figure 8: Comparison between SCE using diagonal and
full covariance matrix and RNN for coded BPSK, chan-
nel ¢, and 100x16 blocks

The RNN which did fail in the uncoded case offers in
the coded case moderate performance. Furthermore an
increase of the number of iterations up to a number of
15 improves the performance significantly.

Figure 9 shows the results for coded 16 QAM, chan-
nel b, and 100x16 blocks. In this channel even the di-
agonal approximation nearly achieves the lower coded
AWGN bound, whereas the RNN looses 2.5 dB. Addi-
tionally Figure 9 depicts a comparison between the com-
bined equalization and decoding scheme as proposed in
this paper and a conventional receiver scheme, which
consists of separated equalization and decoding devices.
The curves of the conventional scheme are labeled with
sequential. When comparing the results of the conven-
tional receiver with the corresponding ones of the com-
bined receiver, one can see for both equalizer types a re-
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Figure 9: Comparison between SCE using diagonal and

full covariance matrix and RNN using coded 16 QAM,
channel b, 100x16 blocks, and 10 iterations

markable performance gain of at least 7 dB of the com-
bined equalization and decoding scheme.
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Figure 10: Comparison between SCE using diagonal
RNN for varying blocklength using coded BPSK, chan-
nel ¢, and 10 iterations

Results for varying equalizer blocklength while keep-
ing the codeword length constant are shown in Figure 10
for the BPSK case in channel ¢ and in figure 11 in chan-
nel b. Both equalizers in both scenarios suffer from a
performance degradation for increasing equalizer block-
length. Nevertheless, the decrease of the SCE is quite
moderate in comparison compared with the RNN.

6 Conclusions

A new iterative equalization and decoding scheme based
on the classical CBDFE has been introduced. It has been
shown by simulation that this combination, even under
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Figure 11: Comparison between SCE using diagonal
RNN for varying blocklength using coded 16 QAM,
channel b, and 10 iterations

some simplifying assumptions which reduce complex-

ity, can achieve near optimum performance.
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