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Abstract

In this paper, a new approach is introduced for de-
signing three dimensional carrierless AM/PM system.
This approach is based on the technique used for trans-
multiplexer system design. The original continuous
time three dimensional carrierless AM/PM system de-
sign problem is first converted to a digital transmulti-
plexer system design problem, and then it is divided
into two optimization problems, one for transmitter
design, another for receiver design. Finally, the trans-
mitter design problem is converted to a minimax opti-
mization problem and the receiver design problem is
converted to a quadratic programming, respectively.
Compare with the existed methods, it is shown that
this approach is efficient and significant.

1. Introduction

Carrierless AM/PM (CAP) is a bandwidth efficient two
dimensional (2D) passband transmission scheme, which
is closely related to the more familiar quadrature am-
plitude modulation (QAM) transmission scheme [1,
2]. The CAP transceivers are particularly well suitable
to all digital implementations for applications where
the bandwidth of the signal’s spectrum is of the same
order of magnitude as the center frequency of the spec-
trum. As a major application, the 16-CAP system has
been chosen as the asynchronous transfer mode (ATM)
local area network physical layer interface standard
for category 3 unshielded twisted pair wiring at 51.84
Mb/s by the Technical Committee of the ATM Forum
[2].

In order to improve the system channel efficiency,
recently a new technique of extending the original two
dimensional CAP system to a three dimensional (3D)
CAP system has been introduced in [3]. This idea of-
fers many opportunities for improvement over the tra-
ditional CAP system, one obvious advantage is to in-
crease the system throughput at the cost of increased
complexity and increased receiver interference energy.
Another possible application is in the area of the multi-

ple access communication for the digital communica-
tion environment, this will allow multiple users to en-
joy their own channels of communications while they
use the same physical communication link.

2. Conversion of 3D CAP system into
Transmultiplexer

The conventional three dimensional CAP system struc-
ture is shown in Fig. 1. The data stream to be transmit-
ted is first encoded into three symbol sequences, and
then each symbol sequence is fed into the correspond-
ing pulse shaping filter (signature waveform). The out-
put signals of three shaping filters are simultaneously
passed through the system channel. The signals(t) at
the output of the CAP transmitter can be written as:

s(t) =
∞∑

n=−∞

(
s0(n)f0(t− nT )

+ s1(n)f1(t− nT ) + s2(n)f2(t− nT )
) (1)

whereT is the symbol period,{s0(n)}, {s1(n)} and
{s2(n)} are discrete multilevel symbol sequences which
are sent in symbol periodnT . f0(t), f1(t) andf2(t)
are the impulse response of the shaping filters, respec-
tively [1][3].

Originally, the pulse shaping filters were designed
as analogue filters [4], due to the difficulty of their re-
alization, they are replaced by the digital filters. Ac-
tually, the analogue pulse shaping filters{f0(t), f1(t),
f2(t)} are sampled at a rate which satisfies the Nyquist
criterion for the given bandwidth, the input symbol se-
quence is upsampled to match the pulse shaping fil-
ter sampling rate as well. The actual transmitted sig-
nal s(t) is generated by feeding the output through a
DAC and a reconstruction filter. In receiver, the sig-
nal is filtered by an antialiasing filter and an ADC,
and then passes through three different receiver filters
which have the same sampling rate as the transmitter
filters, finally they are downsampled to the original
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Figure 1: Block diagram of 3D CAP system

symbol rate. This model is similar to the transmulti-
plexer system displayed in Fig. 2. In the ideal chan-
nel case, the input symbol sequences{si(n)} should
be perfectly retrieved at the receiver, in other words,
the output symbol sequence{ŝj(n)} at thejth receiver
should satisfy the condition:

ŝj(n) = sj(n− n0); j = 0, 1, 2. (2)

wheren0 is a time delay.
The 3D CAP system design problem posed in [3]

can be stated as follows:Find three digital transmit-
ter filters with given frequency magnitude character-
istic, subject to the condition that they form a perfect
reconstruction system with three digital receiver fil-
ters.

In filter bank theory [5], it has been proved that
each subtransceiver system from pointAi to Bj in Fig.
2 is a linear time invariant (LTI) system whose system
impulse response depends on the transceiver filter pair
{fi, gj} and the upsampling (downsampling) rateM .
Assume its transfer function isHij(z), then we have

Hij(z) = EM
0(ij)(z) (3)

whereEM
0(ij)(z) is the 0th Type 1 polyphase represen-

tation [5] of the transceiver filter bank with

EM
0(ij)(z) =

∞∑
n=−∞

e0(ij)(n)z−n

e0(ij)(n) = lij(nM); n = 0,±1,±2, · · · (4)

lij(n) =
∞∑

k=−∞
fi(k)gj(n− k); i, j = 0, 1, 2.

In the ideal channel case, the output signal{ŝj} can be
expressed as:

ŝj(z) =
2∑

i=0

si(z)Hij(z); j = 0, 1, 2. (5)

Since the input signal{s0(n)}, {s1(n)} and{s2(n)}
are independent of each other, in order to satisfy con-
dition (2), the system transfer functionHij(z) must
satisfy
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Figure 2: Three dimensional transmultiplexer struc-
ture

Hij(z) =
{

z−n0 i = j
0 i 6= j

(6)

Thus, the three dimensional transceiver system design
problem stated before can be posed mathematically as
follows:

min
{f0,f1,f2}

{
max

i
{max

f
(|Fi(f)−D(f)|)}

}
(7)

subject toHij(z) =
{

z−n0 i = j
0 i 6= j

wherefi is the transmitter filter,Fi(f) is its frequency
magnitude response,D(f) is the frequency magnitude
response of a desired pulse shaping filter andn0 is a
time delay.

3. The System Analysis and Suboptimal
Approach

The transceiver system design problem (7) presented
in the previous section is a general case in which both
FIR filter and IIR filter can be employed. In this paper,
we only consider the situation of both transmitter and
receiver being FIR filter. Supposefi =

[
fi(0) fi(1)

· · · fi(N − 1)
]T

andgj =
[
gj(0) gj(1) · · · gj(K −

1)
]T

. According to (4), the optimization problem (7)
is written as:

min
{f0,f1,f2}

{
max

i
{max

f
(
∣∣Fi(f)−D(f)

∣∣)}
}

(8)

subject toe0(ij)(n) =
{

1 n = n0 andi = j
0 else

Basically, if we letx =
[
f0T f1T f2T

]T
, then

max
f

(
∣∣Fi(f)−D(f)

∣∣) is a function of vectorx, which

can be also treated as an object function, thus the prob-
lem (8) is a general minimax optimization problem.
Since the object function includes both maximizing
operation and calculating modulus of a complex func-
tion which usually make the object function to be un-
smooth. Furthermore, the constrained equations also
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include three unknown variables{g0,g1,g2} which
do not appear in the object function. These make it
very difficult to solve this problem directly so that we
have to consider some methods for an approximate so-
lution. We know that the conventional 2D CAP system
design process is completed by two steps. The two
pulse shaping filters are designed first, and then the re-
ceiver filters. Apparently, we can apply this idea to our
three dimensional transceiver system design problem.
In other words, we can divide the original minimax
optimization problem (8) into two optimization prob-
lems. One for the transmitter filter design, and another
for the receiver filter design.

Thus, the problem we are facing will be how to di-
vide the minimax optimization problem (8). Since the
main idea of this approach is to design the transmit-
ter and receiver filters separately instead of simultane-
ously. For the transmitter filter design, the condition of
all three transmitter filters having the same desired fre-
quency magnitude characteristic should therefore be
kept, but we can not put the original constraint in prob-
lem (8) into the new design process. On the other
hand, in order to avoid getting a trivial solution such
as the three transmitter filters have the same values,
some rational constraint are also necessary. Recall-
ing the discussion about the pulse shaping filter design
in [3]. It has been pointed out that the desired pulse
shaping filters should have three properties of achiev-
ing bandwidth efficiency, zero ISI and zero CSI, where
the property of zero CSI is concerned of two different
filters, so it should be logical to put this property as
a constraint. We know [6] one usual idea of achieving
zero CSI is that all the transmitter filters are orthogonal
to each other in time domain, as such the transmitter
filter design problem can be formulated as the follow-
ing optimization problem:

min
{f0,f1,f2}

{
max

i

{
max

f
|Fi(f)−D(f)|}

}
(9)

subject to 〈fi, fj〉 = 0; i 6= j. i, j = 0, 1, 2.

where〈·〉 denotes inner product of two vectors.
When we obtain the transmitter filters by solving

the optimization problem (9), the next problem will be
how to design the receiver filters. We know as a widely
accepted criterion of system performance, it is desired
that a maximal SNR can be obtained at the output of
receiver. Since the power of output noise at receiver
is proportional to the power of receiver filter{gj}, the
maximal SNR should be obtained by minimizing the
power of receiver filter{gj}. Thus, the receiver filter
design problem can be formulated as:

min
gj

‖gj‖2 (10)

subject to e0(ij)(n) =
{

1 n = n0 andi = j
0 else

where

‖gj‖2 =
K−1∑

k=0

|gj(k)|2

By now, the transceiver system design problem (8)
has been divided into two optimization problem suc-
cessfully. Obviously, we can obtain an approximate
solution of the problem (8) by solving the optimiza-
tion problems (9) and (10). This approach has two
advantages over the method used in [3]. Firstly, the
transmitter filter design does not depend on the re-
ceiver filter which provides us more choices for the
desired transmitter filter, although they are constrained
to be orthogonal to each other, it is consonant with the
criterion of zero CSI appeared in the receiver design
process. Secondly, for the receiver filter design, the
criterion of maximizing SNR is included in our design
process which is not included in the original problem
posed in [3].

4. Design of Transmitter and Receiver
Filter

In this section, we will deal with the corresponding
algorithms to solve the transmitter and receiver filter
design problems presented in the previous section.

4.1. Transmitter Filter Design

As stated previously, the object function in the trans-
mitter filter design problem (9) is unsmooth which usu-
ally increase the degree of difficulty to solve the prob-
lem, hence it is necessary to make suitable conversion
so that the problem can be somewhat easy to solve.
SupposeFi(f) be the frequency response of transmit-
ter filterfi with

Fi(f) =
N−1∑
n=0

fi(n)e−j2πfn = fiT h(f); i = 0, 1, 2.

then we have

Fi(f) =
(
Fi(f)F ∗i (f)

)1/2

=
(
fiT H(f)fi

)1/2

(11)
where∗ denotes complex conjugate and

h(f) =
[
e0 e−j2πf · · · e−j2πf(N−1)

]T

h∗(f) =
[
e0 ej2πf · · · ej2πf(N−1)

]T

H(f) = h(f)h∗(f)T

Notice that the functionFi(f) andD(f) are not
negative, hence we can replace functionFi(f)−D(f)
in problem (9) byF2

i (f)−D2(f) without any change
of the problem’s property. Similarly, the function|fiT
H(f)fi − D2(f)| can also be replaced by

(
fiT H(f)
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fi− D2(f)
)2

without any change of the problem’s so-
lution. As such, we can solve the following optimiza-
tion problem instead of problem (9):

min
{f0,f1,f2}

max
i

{
max

f

(
fiT H(f)fi −D2(f)

)2}

subject to〈fi, fj〉 = 0; i 6= j.
(12)

For givenfi, the function
(
fiT H(f)fi − D2(f)

)2
is

a continuous function of variablef on [0, 2π], hence

max
f

(
fiT H(f)fi−D2(f)

)2
exists and is a function of

variablefi which indicates that the optimization prob-
lem (12) is a minimax optimization problem. Although
we can treat three independent variables{f0, f1, f2} as
one new variable as mentioned in section 3 and solve
this problem directly by using the existed algorithm
[7], however, due to its particularity of object func-
tion max

f

(
fiT H(f)fi − D2(f)

)2
only depending on

the variablefi for each fixedi, so it should be more
efficient to solve this problem by the following steps:

Step 1. Solve the optimization problem:

min
f0

{
max

f

(
f0T H(f)f0 −D2(f)

)2
}

Step 2. Substitute the solutionf0 obtained in the
previous step into the following optimiza-
tion problem and then solve it.

min
f1

{
max

f

(
f1T H(f)f1 −D2(f)

)2
}

subject to 〈f0, f1〉 = 0.

Step 3. Substitute the solutionf0 and f1 into the
following optimization problem and then
solve it.
min
f2

{
max

f

(
f2T H(f)f2 −D2(f)

)2
}

subject to 〈f0, f2〉 = 0, 〈f1, f2〉 = 0

Compare the optimization problem included in each
step above with (12), obviously they are more simple
and easy to solve. In fact, we can simply discretize
variablef over the interval[0, 2π], and then treat poly-

nomial function
(
fiT H(f) fi−D2(f)

)2
as a vector of

object function, as such the optimization problems in-
cluded in the processing steps above are three simple
minimax problems which can be solved by using the
minimax algorithm in [7].

4.2. Receiver Filter Design

The basic receiver filter design problem has been stated
as an optimization problem (10) in the sense of max-
imizing SNR in the previous section. Suppose the
impulse response of LTI subtransceiver system from
point Ai to Bj behij with hij = [hij(0) hij(1) · · ·
hij(L− 1)]T whereL is the length of vectorhij, then
we have

hij(n) = e0(ij)(n) = lij(nM); (13)

wheree0(ij)(n) andlij(n) are defined in equation (4).
According to (5), the output signalŝj can be expressed
as:

ŝj =
2∑

i=0

si ⊗ hij ; j = 0, 1, 2. (14)

where⊗ denotes convolution.
Suppose the impulse response of the combined sub-

transceiver system without upsampling and downsam-
pling belij with lij = [lij(0) lij(1) · · · lij(P )]T where
P = N + K − 1, then

lij = fi ⊗ gj = Figj (15)

whereFi is theP by K convolution matrix of trans-
mitter filterfi.

Combine equation (13) with (15), we have

hij = F(M)
i gj (16)

whereF(M)
i is a submatrix ofFi with the Lth row

vector ofF(M)
i being the1 + (L− 1)M th row vector

of matrixFi.
Now substitute (16) with (13) to (10), then the re-

ceiver filter design problem (10) is written as:

min
gj

gj
T gj

subject to F(M)
i gj = dij; i, j = 0, 1, 2.

(17)

where

dij =
{ [ 0 · · · 0︸ ︷︷ ︸

n0

1 0 · · · 0 ]T ; i = j

[ 0 · · · 0 0 0 · · · 0 ]T ; i 6= j

This is a quadratic problem with equality constraints
which can be solved using the existing algorithm pre-
sented in [8][9] or Matlab function quadprog [7]. Fur-
thermore, if there exists a solution to this problem,
then the solution is the unique global solution.

The approach provided above is based on an ideal
channel with zero ISI and CSI condition. One alter-
native formulation of problem (17) is to relax the con-
straints of zero ISI and CSI so that we can obtain a so-
lution with lower receiver filter power corresponding
to a higher SNR. Generally, since the channel’s band-
width is always limited in the practical system design
process, it is impossible to achieve zero ISI and CSI
indeed. Hence, it should be more significant to solve
the following problem than (17).

min
gj

gj
T gj (18)

subject to
∣∣F(M)

i gj − dij

∣∣ ≤ ε; i, j = 0, 1, 2.

whereε is a given constant.
Certainly, it is also a quadratic optimization prob-

lem with inequality constraints. Hence, we can solve
it using the algorithms mentioned above.
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Figure 3: Three orthogonal transmitter filters
{f0, f1, f2}

5. Simulation Results

To project the effective performance of the approach
proposed in this paper, a new 3-D transceiver system
is presented by solving the problem (12) and (18). The
three transmitter filters are displayed in Fig. 3, where
the conventional raised-cosine filter is chosen as the
desired shaping filter, and symbol rate of 25 MHz with
excess bandwidth of20% is used in this example [3].
The corresponding frequency response is displayed in
Fig. 4. As we know, in order to eliminate the aliasing
in the sampling process, the sampling rate must be not
less than twice of the signal bandwidthW = (1 +
α)/T . Therefore, the sampling point number within
one time stepT will be not less thanT ×2W = 2(1+
α). Since0 ≤ α ≤ 1, the choice of upsampling rate
M = 4 will be suitable to anyα. The filter lengthN
is chosen as25.

The receiver filters corresponding to the transmit-
ter obtained previously is shown in Fig. 5. The re-
ceiver filter’s length is chosen asK = 65, the constant
ε = 0.01. The system time delayn0 = 2. The system
impulse response for each subtransceiver are shown in
Figs. 6, 7 and 8. The simulation results show that this
transceiver system performance is close to the desired
system.

6. Conclusions

A new method has been provided for designing the
3D CAP system. This method divides the original
3D CAP system design problem into two optimization
problems. The transmitter system design has been re-
formulated as a minimax optimization problem, and
the receiver system design problem has been reformu-
lated as a quadratic optimization problems.
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Figure 7: Impulse response of subtransceiver from
pointAi to B1 (i = 0, 1, 2.)
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